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1. INTRODUCTION

Let n, r be positive integers such that r < [n/2] and let %, , denote the
class of Cardinal spline functions of degree n with integer knots of multi-
plicity r. More precisely, S(x) € &, if

S(x) e C*"(— o0, ) (1.1)
and
S(x) is equal to a polynomial of degree » in each of the (1.2)
intervals [v, v 4 1], (v =0, 41, +2,...). ’

The Cardinal Hermite interpolation problem (C.H.I.P.) is posed as
follows: Given r bi-infinite sequences of numbers

y=0) Y= =) (1.3)
we wish to find an S(x) € <, , such that

SG) = 3,5, S'@) = p/0, STV =y Y, (v =0, £1, £2,.).  (1.4)

We shall say that S(x) belongs to the class &7, of Cardinal g-splines of
degree n corresponding to (0, 1,..., » — 2, r)-interpolation problem when

S(x) e C*—Y(— o0, o), (1.5)
S(x) is equal to a polynomial of degree # in each of the (1.6)
intervals [y, v 4+ 1]; and )

SO-rD(4) = ST, (v =0, +1, £2,.),  (1.7)

* The first author acknowledges support from the Canadian Commonwealth Scholarship
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where we write $*~"(x) to mean the (n — r + 1)th derivative of the poly-
nomial components of S(x).

The (0, 1,..., r — 2, r) Cardinal lacunary interpolation problem (C.L.LP.)
in &) . is as follows: Given r bi-infinite sequences of numbers

=) Y =00 =00 3P =00 (1)

we wish to find an S(x) € #7, such that

SG) =1y, SO =p.,SP0) =2 §70) = 0,
(v=0, 1, £2,...). (1.9)

In connection with the C.L.I.P. we define the following null spaces

Pk =(S(x) e Ly SPw) = 0.  for all integers v,
and p=0,1..,r —2,r}, (1.10)

PrE=(S(x) e #%,:5() =0, for all integers v,
and p=0,1,..,r — 13, (1.11)

and

P2 = {S(x) e Sy S€w) =0, for all integers v,
and p=0,1,..,r — 2, r}. (1.12)

Following Schoenberg, we call a spline S(x)eyg,’,,,, (tesp. L%, , FI),
S(x) = 0, an eigenspline if it satisfies the functional relation

S(x 4 1) = AS(x), forall x, A= 0. (1.13)

The number A is called the eigenvalue corresponding to the eigenspline S(x).

In Section 2, we shall see that the search for eigensplines in the null spaces
(1.10)-(1.12) leads us to the study of the characteristic polynomials ITy (),
ITx%(X), and I} (). The main results are stated in Section 2. Section 3 deals
with some lemmas while Sections 4-6 are devoted to the proof of Theorems 1,
2, and 3, respectively. An interesting relation of the polynomial I7,, ,.,(}) of
Lipow and Schoenberg to the Hankel determinant of the Euler—Frobenius
polynomial IT,(}) is given in Section 7.

We plan to apply these results to solve the (0, 1,...,r — 2, r) C.L.LP. in
&% . in a subsequent communication.
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2. STATEMENT OF RESULTS

Let P = |(Y)l, (i,j =0,1,2...), be an infinite matrix of the binomial
coefficients so that the characteristic matrix is P — Al = ||(}) — 28,51,
(#,7=0,1,2,..). We shall denote by P(fi:f;_::j:;::)\) the determinant of
the submatrix of P — Al obtained by deleting all the rows and columns
except those numbered iy, /45 ...., 7, and ji,Js...., j,, respectively, and by
P(j;;jg; ;j;;f:) we denote the corresponding determinant obtained from P.

In connection with C.H.I.P., Lipow and Schoenberg [6] proved that the
polynomial

,,0) = P (r, r+1l,..,n. )\) .1

0,1,....0—r"

is a reciprocal polynomial of degree (n — 2r + 1) with real and simple zeros
of sign (—1)". For r = 1, I, ,(X) = II,(}) is the so-called Euler~Frobenius
polynomial (see [7, 2]). It was shown by Frobenius [3] that I7,(A) has real
simple negative zeros interlacing with the zeros of 17, _,(}).

Now, let us determine the eigensplines in fi’m . 57’1,, is a vector space of
dimension » -— 2r + 1 and each spline function in f‘,’m is uniquely deter-
mined by its polynomial component in [0, 1]. Let S(x)e ,5;'-’5,,, , S(x) =0,
be an eigenspline satisfying (1.13), and suppose that P(x) is its polynomial
component in [0, 1]. In view of (1.5), (1.7) and (1.12), we have

PO(1) = P@(O) =0, (p=0.1,.,r—2r). 2.2)
and
PN1) = AP0, p=r—Lr+1,.,0—r—1Ln—r+1. (23)

By (2.2) we can write

P(x) = apx" + a ('1’) -l e

n
n—r—1

+ s ) X741 s ( L (2.4)

n—’:—#l)’

Writing equations P(1) =0, (p =0, 1,.... r — 2, r), and P“(1) —
AP =0, (p=r—Lr+1,.,n—r—1,n—r -+ 1), upwards with
increasing p, we obtain a system of (n — r + 1) linear homogeneous equations
in (n — r + 1) unknowns a,, @, ...., @,_,_1 , @,_,.1 . The determinant of the
matrix of the system is the (n — 2r + 1)th degree polynomial in A given by
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M) = P (O, 1,...:’11_—1,rrjlf,inz."—nr + 1 :/\) -
N e L
O e o

' 0
1 ("“1”‘1) ..................... (1—X)
. (n;r) ..................... (nfjil) 0
: (n—;+1) ..................... (:_:ﬂ) (1—2)
LY e N
1 (111) ..................... (n_'r:l) (n_’r'+ 1)

2.5

Thus, the eigenvalues corresponding to the eigensplines of the null space
&% . are precisely the zeros of the polynomial ITZ ,(}).

A similar argument shows that the eigenvalues corresponding to the eigen-
splines of the null spaces &, and P** are precisely the zeros of the
(n — 2r + 1)th degree polynomials

% _ r,r+1,...,n .
IL.» =P (0, Ly,n—r—1n—r-+1 'A)’ (2.6)
and
mizoy = p (g b7 ) %
respectively.

We shall prove the following theorems.

THEOREM 1. Let r = 1 be a fixed integer. For n = 2r -+ 1, the zeros of
1T, (X) are real simple and of sign(—1)", and interlace with the zeros of
Hn—l.r(A)'
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THEOREM 2. Let r =2 be a fixed integer. For each n == 2r + 1, the
algebraic equations

T2, = 0, (2.8)
and

ITE50) = 0 2.9)

are reciprocal equations in A of degree d = n — 2r 4+ 1 whose roots are real
and simple with (—1)"*' as a common root. The remaining d — 1 zeros of
ITX (X) (resp. IT}*(X)) are of sign(—1)" and interlace with the zeros of 11, (}).

Remark. It is shown later in (7.10) that 11} (A) and IT}*(A) differ only
by a constant factor.

THEOREM 3. Let r > 2 be a fixed integer. For each n = 2r 4 1, the
algebraic equation

7%, = 0 (2.10)

is a reciprocal equation in A of degree d = n — 2r + 1 with exactly two roots
of sign(—1)+L, and (d — 2) roots of sign(—1)". If n is odd, all the zeros of
IT, (X) are simple and are separated by those of II, ,(X) (resp. 1I%(X)). If

n is een, (—1)™L is a double zero and the remaining d — 2 zeros are distinct
and interlace with the d — 1 zeros of I (X) (resp. IT) (X)) of sign(—1)".

COROLLARY. If n is odd, the algebraic equation (2.10) has real simple
roots not lying on the unit circle.

Remark. Essentially, Theorem 1 is the theorem of Lipow and Schoenberg
[6]. What is new here is the interlacing of the zeros of I7, .(A) and IT,_, (})
and we shall give a new proof in Section 4.

3, SoME LEMMAS

Leta, b, c,d, fU,.., £* be (n -+ 4) arbitrary column vectors in R*+2, Let
D(a,b,f) = D(a, b, fV,... f™) denote the determinant of the (n + 2) X
(n + 2) matrix formed by the vectors a, b, f@,..., £ arranged in this order.

Lemma 3.1 (Karlin [4, p. 7]).

D(a, ¢, ) D(a, d, f)

Db, c. f) D(b, d, £)| — D@ b D) D(c, d. 1). (3.1)

The idendity (3.1) will be the main tool in the proof of the following
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LEMMA 3.2. Forn = 2r + landr = 1, we hate

an,r—H()O H’n—-z,r—-l(A) = n[-[]'n—l,r()‘)]2 - (n - r)nnwz,'r(A) Hn'r(/\)

For integer nandr,n = 2r + 1, r = 2, we have

Hn,r—l()‘) Hn—l.r()\) = H’ITT(A) Hn-l.r—l(A )_ Hn,r(A) H;zk—l,r—l(/\)s

and
Hn.r—l()‘) Hn.r+1(A) = H;zk,r()‘) H:.ﬂ;()‘) - H:T(A) Hnr(A)

Proof. To prove (3.2) let us consider the following (rn —
(n — r 4 1) matrix

t() (")) a»n» o 0
L) D)) e
1 (n_;“l) ("7i;1) (n—i—l) (nj_;r_Yl) Y
B B Gy B R
LA R LA A

(3.2)

(3.3)

(3.4)
r4+1) x

0
) -
n

) ()

3.5

Let us denote the first and the last columns of (3.5), respectively, by

cand d and its vth column by f*-V forv = 2, 3,...,n — r. Seta =

@,0.,..., 0)

and b = (0,..., 0, 1). Then, after some simplifications, we have D(a, b,f) =
(=D I, ), D(a, ¢, f) = IT,, ,14Q}), D(a, d, ) = (—1)"~71(7) ¥
Hn——l.r(h)’ D, ¢, f) = (—1)* Hn—l.r()‘)s D(b, d, ) = _(:'L—_ll) Hn-z,r—-l()\)a
D(c, d,f) = (—1)»"-11I, (}). Substituting these into (3.1) we obtain (3.2).

To prove (3.3) we again set a = (1, 0,...,, 0)T, b = (0, 0,..., 0, 1
f® denote the vth column of (3.5) for v =1,2,...,n—r — 1,

)T and let
with ¢, d

representing the last two columns. Then D(a, b, f) = (—1)*"1,_; ,.4(}),
D(as c, f) = ('— 1)""_1 Hn,1‘+1(A)’ -D(a9 d, f) = (_l)n-—r—l H:,r+1()‘)9 D(b’ ¢, f) =

_Hn-—l,r(A)’ D, d,f) = — :—l,r(A)’ and D(c, d, f) = I1,, ,(2).

Replacing r by (r — 1) in the above determinants and using the identity

(3.1) we obtain (3.3).
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To prove (3.4) we use the same vectors as in the proof of (3.3) except that
b is replaced by the vector (0, 1, 0,..., 0)T. Then (3.4) is obtained by replacing
rbyr—1.

Remark. Let P, = ||(Ol, (i,j = 0, 1,...,n). It is easy to show (see, for
example, [6]) that P, is totally positive. Also, it is clear that if A is an eigen-
value corresponding to an eigenspline S(x) € &% , (resp. &%, , £*¥), then
1/A is an eigenvalue corresponding to the eigenspline #(x) = S(—x) e ¥,
(resp. L%, , F*%). It follows that II¢ (X), II (), IT**(X) are reciprocal
polynomials and so their values at A = 0 are positive.

Lemma 3.3. Forn > 2r

I, () >0  for (—1)yttaz=0. (3.6)
Proof. A straightforward computation shows that
I, 0) = apl(= 1A 4 @[(— )N o gy, (37)

where

ak:zp(r+vlar+vg,...,r+Vk,n—r+1,...,n),

O, l..,r—1,r+v,r+ v, r + g (3.8)

fork =1, 2,..., n — 2r 4+ 1, the summation being taken over all the (""2,{“)
choices of {v, , v, ,..., v} from {0, 1,..., n — 2r}, and

@="F (no,—l,r..frli"ln)' (3.9

Since 11, ,(}) is a reciprocal polynomial, I, (0) + 0 and so a,_,,, > 0,
in view of the fact that P, is totally positive. Eq. (3.6) follows from (3.7).

4., PROOF OF THEOREM 1

In this and the following sections, we denote the zeros of 11, ,(A) by {A{™}.

The proof of Theorem 1 follows by induction on n. We shall only give the
proof for the case when r is even. The case when r is odd can be treated in
the same way.

When n = 2r, in view of the fact that P¢¥1.-") = 1 for all k and n,
we easily see that II,,,(d) = (1 — A). If we set n = 2r -1 in (3.2) of
Lemma 3.2 and take into account that I1,,; ,.,(A) = II,,_, .(}) = 1, we get

rH2r—l.'r—l(A) = (2r + 1)[H2r.r(/\)]2 - (r+ 1)H2r+1,r(/\)s 4.1
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whence
iy 1 po(1) = —(r + 1) 1,4 (1), 4.2)

and since Il,,_;,,(1) >0, it follows that Il,..; (1) < O. But then
I1,,.,.(0) > 0, and therefore, I1,, , ,(A) has a zero in (0, 1) and since it is
a reciprocal polynomial it has a zero in (1, o). Thus, the zeros of I1,,.; (A)
are real, simple, and positive and they interlace with the zero of I1,, (}).

Let us suppose that the assertion has been proved for 17, , (\) and
II,_, (X). More precisely, let us suppose that the zeros of I7,_, () and
I7,_; ,(X) are such that

0 < AP (D) N D - (D) N, 4.3)
It follows from (3.2) that

P, , A I,y D) = —(n — #) T,_y A" V) IT, (A,
(r=12,...,n—2r). (44

Since r is even, it follows from Lemma 3.3 that L.H.S. of (4.4) is positive
for i =1, 2,...,n — 2r. Hence,

T, o A" NI, A"y <0, (i=1,2,.,n—2¢). (4.5)

Since, by inductive hypothesis, I7,_,,(A\""V) has alternating sign for
i=1,2,.,n—2r, it follows that IT, (A{"") has alternating sign for
i=1,2,.,n— 2r. Hence, IT, () has at least one zero in each of the
intervals (A", A" TY), (i = 1,2,...,n — 2r — 1). Also, by hypothesis and
the fact that 7, ,,(0) > 0, we have IT,_, (A{*") > 0. It follows that
T, (A" ) < 0.But thenIT, (0) > 0. Hence, IT, ,(}) has a zero in (0, A{*")
and since it is a reciprocal polynomial, it also must have a zero in (A3}, o).

The assertion is proved by induction.

5. PROOF OF THEOREM 2

To prove the result for Eq. (2.8) we again assume that r is even and suppose
that the zeros of IT,,_, ,(A) and IT, ,(}) are given by

0 < AP < A1) ) 0 (5.1)

Certainly we can assume this by Theorem 1. Now (3.3) of Lemma 3.2 implies
that

Hn,r—l(Az(n)) Hn—l,r(Az(n)) = H: r(Az(n)) H’n—l,r—l(}\f"))«
(=12..,n—2r+ 1. (5.2)
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Since IT,, ,_,(A™) and IT,,_, ,_,(A{™) are positive for all i = 1,..,n — 2r + 1,
it follows ftom (5.2) that

Segn I, , ,(0™) = Sgn IT},(A\{™). (5.3)

By the same argument as in the proof of Theorem 1, IT} () has exactly
one zero in each of the intervals (A{”, A{%), (i = 1, 2,..., n — 2r). It cannot
have a zero in (0, A{™) or (A, , 00). For if it has a zero in (0, A{"), it must
also have a zero in (A}, , ) and vice versa, which is impossible since it
is only of degree n — 2r 4 1. Since IT} (A) is a reciprocal equation, the
remaining zero must be —1. Thus, we have established theorem 2 for
Eq. (2.8).

Using the result, which we have just established, and (3.4) instead of
(3.3), and applying the same reasoning as above, we will arrive at the assertion
for the polynomial equation (2.9).

6. PROOF OF THEOREM 3

Again, we assume that r is even.

(i) nisodd. Letus denote by {uw{™}" >+, with ™ = —1, the zeros of

i=1

IT¥ () (or of IT}*(X)). By Theorem 2, we can write
Min) < )\in) < P‘én) < << F-(nn—)zrﬂ < )‘7(1"—)2r+1- (6.1)

From (3.4) of Lemma 3.2, we have

I3 (™) I, (™) = —IT, oy (™) I (™),
(i=12,..,n—2r+1). (6.2)

Since u!® >0 for i =2,3,..,n— 2r + 1, it follows, using the usual
argument that I77 () has at least one zero in each of the intervals (1™, u{™),
(i = 2,3,...,n — 2r). Thus, IT¢ () has at least (n — 2r — 1) distinct positive
ZETos.

We shall show that IT? (A) possesses two distinct negative zeros. First,
let us observe that since 17, ,,,(0) and I7, ,_,(0) are both positive, it follows
that Sgn 17, , .,(—1) = (—1)"*2-0/2 and Sgn IT,, ,_,(—1) = (—1)»-2r+d)/2,
Hence, from (6.2) and the fact that I, (—1) is positive, it follows that
I (—1) is negative. But then IT? (0) is positive and therefore, ITS (})
must have a zero in (—1, 0). Since it is a reciprocal polynomial it must
also have a zero in (— oo, —1). Thus, we have shown that IT] (A) has at least
two distinct negative zeros and at least (n — 2r — 1) distinct positive zeros.
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Since its degree is (# — 2r + 1) we conclude that it has exactly two distinct
negative and (n — 2r — 1) distinct positive zeros which interlace with the
zeros of II} (A) (or IT*()).

(il niseven. 1In this case I, , (—1) = II, . (—1) = II}f (—1) =
IT¥*(—1) = 0. Since II, (—1) is positive, it follows from (3.4) that —1 is
a zero of I1% (A). By the same argument as in (i) above we see that 177 (A)
has exactly (n — 2r — 1) distinct positive zeros that interlace with the
(n — 2r) positive zeros of IT¥ (A) (or IT}*(X)). Since ITS () is a reciprocal
polynomial, the remaining zero must be (—1). Thus, (—1) is a zero of multi-
plicity 2. Hence, Theorem 3 is proved.

7. HANKEL DETERMINANT INVOLVING EULER-FROBENIUS POLYNOMIALS

Let us denote by H, ,(a,) the Hankel determinant of order ( + 1) and
let H},\(a,) and HY (a,) be two determinants of the same order associated
with H,_.,(a,). More precisely, we set

a, Up s T
Any dpo o dpr
Hr+1(a72) = M : : s (7 1)
Qn_y Qpyq " dp_gy
an (2] v dpyyy Qpyg
* Ap-1 dApe o dpy Apr—g
Hiy(a,) = . . . . (7.2)
Qpy Qupy 7 Auosryy Guogra
and
a, t Qperya Qo
v . :
H(a") = . (7.3)
Anr+1 Anortz2  Aun-pr
Apyr—y 7" Qpogr Ao |

Observe that a gap occurs in the last column of the determinant in (7.2)
while similar gaps occur in the last row and last column of the determinant
in (7.3).

Determinants of type (7.1) and (7.2) in which the entries a,, are orthogonal
polynomials have been studied by several mathematicians (see [1], [5]). In
this section, we shall consider the determinants in which a, = IT (A)/n!
where I1,(}) is the Euler-Frobenius polynomial.

We have
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THEOREM 4. Let n and r be positive integers such that n == 2r + 1. Then

H, (L QA)nY) = (=D DR Cn, r)(1 — Ay -n I, 58, (7.4)

where
1121 - p!

o n) = = =

(7.5)

The proof of Theorem 4 depends on the following lemma, which is a
particular case of a more general identity on symmetric determinants (see
[8, p. 372].

LemMa 7.1. Forn = 2r 4 1 we have

Hr(an) Hr(an—z) - [[{r(an--l)]2 = Hr+1(an—~2)Hr+1(an)- (76)

Proof of Lemma. The lemma is easily established using the determinantal
identity (3.1) applied to the following vectors: a and d are the first and last
columns of (7.1), respectively, £* is the (v -} Dthcolumn (v = 1,2,...,r — 1),
anda = (1,0...., 0)T, b = (0, 0,..., 0, DT.

Proof of Theorem 4. The proof will be carried out by induction on r.
First, observe that H,(II,(A)/n!) = II,(X)/n! (n > 1) and by (3.2) of
Lemma 3.2, with r = 1, we have

L0y _ (10— 2

H, (=2 AT — 1)1 (

n = 3).

Let us suppose that (7.4) holds for H,(II,(A)/n!) (k = 1, 2....,r) and we
shall prove that (7.4) also holds for H, ,(I1,(A)/n!). Using (7.6), after some
calculations, we have, forn > 2r - 1,

Hoo (B0 17, )

— (o SO DE D g, 00— (0 — 1) T, ) T, O

where C(n, r) is given by (7.5). From this we obtain (7.4) and (7.5) with the
help of (3.2).
By the same method we obtain the following identities:

HA (TNt = (=D Co 1) — )1 — N7,

— (4])[('r+1)/2] Cln, r)(r + ])(l _ A)r(n—r)—l H:t+1()\)
(n = 2r 4 2), (7.8)
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H AT, N)nY) = (=D P2, i) + D(n — r)(1 — N 2012, )
(n =2r + 3). (7.9)
From (7.8) it follows that

(n — N II5,0Q) = r + DI (7.10)
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